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We find a general class of pp-wave solutions of type IIB string theory such that the
light cone gauge worldsheet lagrangian is that of an interacting massive field theory. When
the light cone Lagrangian has (2,2) supersymmetry we can find backgrounds that lead to
arbitrary superpotentials on the worldsheet. We consider situations with both flat and
curved transverse spaces. We describe in some detail the background giving rise to the
N = 2 sine Gordon theory on the worldsheet. Massive mirror symmetry relates it to the
deformed CP 1 model (or sausage model) which seems to elude a purely supergravity target
space interpretation.
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1. Introduction
Ramond-Ramond backgrounds are a very important piece of string theory and they
play a prominent role in the string theory/gauge theory correspondence. Backgrounds of
the plane wave type are particularly interesting since they are the only known exactly
solvable backgrounds [1]. These backgrounds are very useful for studying the relation
between largeN gauge theory and string theory [2]. The existence of a covariantly constant
null Killing vector greatly simplifies the quantization of a string in light cone gauge. In
this paper we study backgrounds of the pp-wave type which lead to interacting theories in
light cone gauge. For this purpose we consider type IIB string theory with a five-form field
strength which has the form F5 = dx
+∧ϕ4. If ϕ4 is a constant form in the transverse space
it leads to masses for the Green-Schwarz light cone fermions. By taking non-constant four
forms ϕ4 we find that the light cone action becomes an interacting theory with a rather
general potential. The mass scale in the light cone theory is set by p−. Boosts in the x+, x−
directions corresponds to an RG flow transformation on the worldsheet. Low values of |p−|
correspond to the UV of the worldsheet theory while large values of |p−| explore the IR of
the worldsheet theory. We study solutions that preserve some supersymmetries. We find
that we can have an N = (2, 2) theory on the worldsheet with an arbitrary superpotential.
Similarly we can get N = (1, 1) theories as long as the real superpotential is a harmonic
function. We discuss solutions where the transverse space is curved or flat. One interesting
result is that we can find backgrounds that lead to integrable models on the worldsheet
in light cone gauge. Using results for integrable models we can compute some non-trivial
features of the string spectrum. We can consider for example Toda theories. We discuss
explicitly the case where we get the N = 2 sine Gordon model on the worldsheet. Soliton
solutions of the massive theory correspond to strings that interpolate between different
“potential wells” in the target space. Now that we have massive interacting theories on
the worldsheet we see that various dualities of these theories are worldsheet dualities which
lead to interesting dualities in the target space. The N = 2 sine Gordon theory is dual to
the supersymmetric CP 1 theory [3,4,5,6,7], via a mirror symmetry transformation. The
size of the CP 1 depends on the energy scale of the worldsheet theory. The size of the
worldsheet circle is proportional to p−. Thus, we find that strings with very small p− feel
they are on a big space while strings with large p− feel they are on a smaller space.
Other backgrounds that lead to interacting theories in lightcone gauge were described
in [8,9].
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In section two we discuss the gravity backgrounds that lead to supersymmetric in-
teracting theories on the worldsheet. In section three we describe the actions we get on
the worldsheet from the gravity backgrounds discussed in section two. In section four
we discuss in more detail some particular backgrounds. First we discuss the background
leading to the N = 2 sine Gordon model on the worldsheet and the associated duality to
the CP 1 model. We then discuss what happens if we have an AN singularity transverse
to a pp-wave and we resolve it.
2. Supersymmetric supergravity solutions of pp wave type
We consider type IIB supergravity solutions with a nonzero 5-form field strength.
They have a covariantly constant null killing vector, ∂∂x− , which also leaves F5 invariant
and it is such that it gives zero when contracted with F5.
More explicitly, the form of the solutions we consider is
ds2 = −2dx+dx− +H(xi)(dx+)2 + ds28
F5 = dx
+ ∧ ϕ4(xi)
(2.1)
where xi are the 8 transverse coordinates, F5 is the self-dual RR field strength. We limit
ourselves to solutions which are also independent of x+. We consider constant dilaton and
set all other fields to zero. The transverse metric can be curved. Note that the background
is such that we can scale down H and ϕ by performing a boost in the x± directions.1. This
property under boost transformations implies that we can assign an “order” to each field
according to how they change under boosts. The four-form ϕ is of first order while H is
of second order. This means that the transverse space with zero RR five-form should be a
solution of the equations of motion by itself, since it is of zeroth order.
In order to clarify a bit the discussion we will first consider the simpler case when the
transverse space is flat and then the slightly more complicated case of a curved transverse
space.
1 So the background is not boost invariant in the x± directions.
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2.1. Flat transverse space
The equations of motion of type IIB supergravity imply that (2.1) obeys
∇2H = −32|ϕ|2 ; ∗10F5 = F5 (2.2)
where |ϕ|2 = 14!ϕµνρδϕµνρδ , and ∇2 is the laplacian in the transverse 8-dimensional
space. In our conventions2, the self-duality of F5 implies that ϕ is anti-self-dual in the
8-dimensional space, so that ∗ϕ = −ϕ and dϕ = 0. 3
In addition we will now require the solution to preserve some supersymmetries. Su-
persymmetries in type IIB supergravity are generated by a chiral spinor ǫ with 16 complex
components. We find it convenient to separate it into two components according to their
SO(8) chiralities
ǫ = −1
2
Γ+Γ−ǫ− 1
2
Γ−Γ+ǫ ≡ ǫ+ + ǫ− . (2.3)
ǫ+ has positive SO(1, 1) and SO(8) chiralities, and is annihilated by Γ+ˆ. We will find,
roughly speaking (i.e. to lowest order in ϕ4), that ǫ+ is related to the supersymmetries
that are preserved by a configuration with nonzero p− and are linearly realized on the
light cone action. These anti-commute to the lightcone Hamiltonian, plus possibly some
rotations. On the other hand the supersymmetries generated by ǫ− are non-linearly realized
on the worldsheet and imply that some particular fermions are free on the worldsheet. For
reasons that will become clear later we are especially interested in supersymmetries that
are linearly realized on the worldsheet so we are interested in spinors such that only ǫ+ is
nonzero to first order.
Setting to zero the supersymmetry variations we obtain the following equation
0 = DM ǫ = (∇M + i
2
F/ΓM )ǫ , (2.4)
which leads to
∂−ǫ+ = ∂µǫ+ = ∂+ǫ+ = 0
∂−ǫ− = 0 ; ∂µǫ− =
i
2
Γ−ϕ/Γµǫ+ ; (i∂+ − ϕ/)ǫ− = i
4
Γ−∂/Hǫ+
(2.5)
where ϕ/ ≡ 14!Γµνρδϕµνρδ. These equations imply that ǫ+ must be a constant spinor and
they determine the first and higher order parts of ǫ− in terms of ǫ+. These solutions with
2 Our conventions and notations are summarized in Appendix A.
3 A ∗ with no subindex will always refer to the 8 dimensional space.
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nonzero zeroth order ǫ+ determine the linearly realized supersymmetries of the light cone
action. In addition to these we might have solutions of (2.5) with ǫ+ = 0. We obviously
have 16 solutions of this type if ϕ is a constant form, but when ϕ is not constant we will
generically have no solutions of this type (below we will make a precise statement). Note
that only solutions of this second type can be x+ dependent. Note also that if ǫ = ǫ++ ǫ−
is a solution, then so is ǫˆ = ǫ∗+ − ǫ∗−(−x+).
When we attempt to solve the equation for ǫ− in terms of ǫ+ we find some integrability
conditions. First, integrability of the ∂µǫ− equations places a constraint on the allowed
4-forms. Then the (i∂+ − ϕ/)ǫ− equation gives further consistency conditions on ǫ− and
determines H in terms of ϕ4. In Appendix B we show these computations in detail.
Below we will just state the form of the most general solutions with (2, 2) and (1, 1)
supersymmetry. We did not explore the subset of (2, 2) solutions which actually have
more ǫ+-type supersymmetries.
It is convenient to choose complex coordinates for the transverse space, z1, ..., z4. The
anti-self-dual 4-forms ϕµνρδ written in complex coordinates can be split into 2 kinds - those
having two holomorphic and two anti holomorphic indices - the (2,2) forms (of which there
are 15) and those having one holomorphic and three antiholomorphic indices and their
complex conjugates - the (1,3) and (3,1) forms (of which there are 10+10). We denote the
(1,3) forms by the shorter notation
ϕmn ≡ 1
3!
ϕmijkǫ
ijkngnn¯ (2.6)
Anti-self duality of ϕ implies that ϕmn is symmetric.
It can be shown that one can write the anti-selfdual (2, 2) forms in terms of ϕij¯ defined
as
2ϕlm¯ = g
ss¯ϕlm¯ss¯ , (2.7)
where the reality and self duality condition imply that ϕlm¯ is a hermitian and traceless
matrix (which could, in principle, be a function of the coordinates). We also define the
lowest weight spinor state |0〉 which is annihilated by Γ+ˆ and Γi where i runs over the
four holomorphic indices. We begin by describing the solutions with an ǫ+ which at zeroth
order is proportional to |0〉 and its complex conjugate. We later describe solutions with
ǫ+ = 0.
CASE (1) (2,2) supersymmetry or more
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The solution is parameterized by a holomorphic function W . In this case the ϕlm¯ are
constants and given in terms of a traceless hermitian 4x4 matrix. W and ϕlm¯ should also
obey
∂n[ϕ
k
j z
j∂kW ] = 0 (2.8)
where we raised the index of ϕjk¯ using the flat transverse space metric. The metric and
the 4-form are given by
ds2 = −2dx+dx− − 32(|∂kW |2 + |ϕjk¯zj |2)(dx+)2 + dzidzi
ϕmn = ∂m∂nW , ϕm¯n¯ = ∂m¯∂n¯W , ϕlm¯ = constants
(2.9)
The expressions for the Killing spinors can be found in appendix B.
One can, of course, look at the simpler cases where either W = 0 or ϕlm¯ = 0. It is
interesting to note that if ϕlm¯ is nonzero the superalgebra has a central charge term pro-
portional to the U(1) symmetry generated by the holomorphic Killing vector zlϕlm¯∂/∂z
m
and its complex conjugate.
CASE (2) (1,1) supersymmetry
These solutions are parameterized by a real harmonic function U . However this time
there are only 2 Killing spinors. The solution is
ds2 = −2dx+dx− − 32(|∂kU |2)(dx+)2 + dzidzi
ϕmn = ∂m∂nU ; ϕm¯n¯ = ∂m¯∂n¯U ; ϕlm¯ = ∂l∂m¯U
(2.10)
The expressions for the Killing spinors can be found in appendix B.
2.2. The homogenous solution for ǫ−
The homogenous equations for ǫhom− are
∂−ǫhom− = ∂jǫ
hom
− = ∂jǫ
hom
− = (i∂+ − ϕ/)ǫhom− = 0 (2.11)
and are solved by
ǫhom− (x
+) = e−iϕ/x
+
η0 (2.12)
where η0 is a constant spinor. (2.11) implies that ϕ/ and η0 should be such that after
multiplying (ϕ/)nη0 (for n = 1, 2, ...) we still have spinors that are constant in the transverse
space and independent of x+. So we get the spinors η0, ϕ/η0, · · · (ϕ/)n−1η0 which are linearly
independent and n ≤ 16. These solutions of (2.11) are associated to free fermions on the
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string worldsheet in light cone gauge. In fact the last equality in (2.11) is the equation
of motion for a zero momentum mode on the string worldsheet. If we diagonalize the
matrix ϕ/ in the subspace of solutions we see clearly that each pair of solutions gives rise to
a free fermion on the worldsheet4. The fermion is free but it can be massless or massive
depending on the eigenvalue of the matrix ϕ/ on it. The sixteen supersymmetries of ǫ− type
that arise in the usual quadratic plane waves discussed in [10] arise because all fermions
are free. In a general interacting case all fermions will be interacting and there will be
no supersymmetries of this type. If, in addition, we have worldsheet supersymmetry in
lightcone gauge, as in the cases we are analyzing, each free fermion has a free boson partner
and these two together decouple from the rest of the worldsheet theory. So the structure
is clear, we have as many free bosons and fermions as there are ǫ− supersymmetries. In
the N=(2,2) case these supersymmetries come in groups of four, one per complex field that
appears at most quadratically in the superpotential.
2.3. Curved transverse space
When the transverse space is curved, the ansatz (2.1) is a solution of IIB supergravity
iff it satisfies the equations of motion
∇2H = −32|ϕ|2 ; ∗8ϕ = −ϕ ; dϕ = 0
Rµν = 0
(2.13)
where ∇2 is the laplacian in the transverse curved space, and Rµν is the Ricci tensor of
the transverse space 5.
The supersymmetry equations for the curved case are
∂−ǫ+ = ∇µǫ+ = ∂+ǫ+ = 0
∂−ǫ− = 0 ; ∇µǫ− = i
2
Γuϕ/Γµǫ+ ; (i∂+ − ϕ/)ǫ− = i
4
Γu∂/Hǫ+
(2.14)
These are exactly the same equations as in the flat case (2.5), with the transverse derivatives
replaced by covariant derivatives. We will now state what the general solutions are and we
4 The solutions come in pairs. If the eigenvalue of the matrix ϕ/ is nonzero this follows by
considering the complex conjugate equation. If the eigenvalue is zero then we can multiply the
solution by any complex number so that we have two real solutions.
5 we use (+,-) and greek letters to denote curved indices , and (v,u) and roman letters to
denote flat indices. All notations and conventions we use for curved space are summarized in
Appendix A.
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refer the interested reader to appendix B for the derivation. The first point to note is that
to zeroth order the supersymmetry equations for the transverse manifold imply that the
transverse space is a special holonomy space. If we demand (2,2) supersymmetries on the
worldsheet it can only be a Calabi-Yau space (G2 and Spin(7) could also be studied but
we do not do that here). For this reason it is still convenient to choose complex coordinates
and we denote by |0〉 the covariantly constant spinor on the Calabi-Yau manifold that is
annihilated by Γv and Γ
µ where µ runs over the four holomorphic indices. We will also
use the short notation (2.6) for the (1,3) forms. We first focus on the supersymmetries
that are linearly realized on the worldsheet in lightcone gauge and later we explain what
happens with the homogeneous solutions for ǫ−.
CASE (1) (2,2) supersymmetry or more
In this case the solution is parameterized by a holomorphic function W , and a real
Killing potential U from which we can define the Killing vectors Vµ = i∂µU , Vµ¯ = −i∂µ¯U .
The Killing vector should be holomorphic (i.e. V µ is holomorphic and V µ¯ is antiholomor-
phic). The following conditions should also hold
∇µV µ = 0 (2.15)
∂ν [V
τ∇τW ] = 0 (2.16)
The supergravity solution is
ds2 = −2dx−dx+ − 32(|dW |2 + |V |2)(dx+)2 + 2gµν¯dzµdz¯ν¯
ϕµν = ∇µ∇νW , ϕµ¯ν¯ = ∇µ¯∇ν¯W¯
ϕµ¯ν = ∇µ¯∇νU
(2.17)
where |dW |2 ≡ gµν¯∇µW∇νW , and |V |2 ≡ gµν¯V µV ν¯ . The expressions for the Killing
spinors can be found in appendix C.
Here too, one can look at the simpler cases where either W = 0 or V µ = 0. Note that
if the transverse space is compact there is no non-constant holomorphic function. In order
to have interesting solutions we need the transverse space to be non-compact.
CASE (2) (1,1) supersymmetry
The (1,1) supersymmetry solutions are parameterized by a real harmonic function U .
The metric, 4-form and the 2 Killing spinors are given by
ds2 = −2dx−dx+ − 32(|∇U |)2(dx+)2 + gµν¯zµzν
ϕµν = ∇µ∇νU ; ϕµ¯ν¯ = ∇µ¯∇ν¯U ; ϕµν¯ = ∇µ∇ν¯U
(2.18)
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Note that the (2,2) part of the 4-form (whose components are ϕλσ¯µν¯ ) is therefore
ϕ = (∇µ∇ν¯Udzµdzν) ∧ J (2.19)
where J is the Kahler form, which obeys dJ = 0 (so that ϕµν¯ =
1
2g
λσ¯ϕλσ¯µν¯ = ∇µ∇ν¯U).
2.4. The homogenous solution for ǫ−
The homogenous equations for ǫhom− in a curved background are
∂−ǫhom− = ∇jǫhom− = ∇jǫhom− = (i∂+ − ϕ/)ǫhom− = 0 (2.20)
There is a solution
ǫhom− (x
+) = e−iϕ/x
+
η0 (2.21)
with η0 a covariantly constant spinor and all of (ϕ/)
nη0 (n = 1, 2, ...) covariantly constant.
The discussion follows exactly the one we had for the flat case, where we argued that
each pair of solutions for (2.20) gives rise to a free (massive or massless) fermion on the
string worldsheet in light cone gauge. Due to supersymmetry each such fermion has a free
boson partner, and they both decouple from the rest of the worldsheet theory.
3. The worldsheet actions
In the last section we have listed all the supersymmetric solutions of the pp-wave form.
In this section we write the action describing a string propagating in these backgrounds.
We choose light cone gauge by setting x+ = τ , where τ is worldsheet time. Though the
standard procedure we then find that p− is conserved, etc.6 In light cone gauge, only killing
spinors which are not annihilated by Γ+ survive as linearly realized supersymmetries on
the worldsheet. These are the ǫ+ part of the killing spinor. Since we focused on solutions
that preserved some supersymmetries of this type, we will have a supersymmetric action
on the worldsheet. Thanks to these supersymmetries we do not need to work too much to
find the action, since its form is dictated by supersymmetry.
6 Our notation with a lower index for p± seems to be contrary to standard practice in the
literature. While in Minkowski space it does not matter where we put the index, it actually
does matter where we put it when g++ is nonzero. (Some papers have chosen the unreasonable
convention of raising the indices using the flat Minkowski metric...). In our conventions for the
metric (where g−+ = −1) we find that p− ≤ 0 for particles propagating to the future.
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(2,2) Supersymmetric solutions
We know that if all RR fields are set to zero, the action reduces to the usual (2, 2)
non-linear sigma model which can be written in terms of the Ka¨hler potential. By turning
on (1, 3) and (3, 1) forms we can add an arbitrary superpotential so that the action in
superfield form becomes
S =
1
4πα′
∫
dτ
∫ 2piα′|p−|
0
dσ(LK + LW ) ,
LK + LW =
∫
d4θK(Φi, Φ¯i) +
1
2
(
∫
d2θW (Φi) + c.c.)
(3.1)
where Φi = Zi+
√
2θLψiL+
√
2θRψiR+2θ
LθRF i+ .... From this we can find the component
action by integrating out θ [11]. Note that (3.1) contains Yukawa interactions given in
terms of ϕ/, a bosonic potential proportional to H (2.1), as well as four fermion couplings
which follow from supersymmetry. If the transverse space is flat, there are no four fermion
couplings, and the action could also be read from [1]. The fermions appearing in (3.1)
are related to the Green-Schwarz fermions as follows. The G-S fermions are SO(8) spinors
with negative chirality (in our conventions). Once we choose complex coordinates we have
an SU(4) subgroup of SO(8) which preserves the complex structure. Under this subgroup
8− → 4 + 4¯, these are the spinors with vector index. More explicitly, let us denote by
η0 a covariantly constant spinor annihilated by all Γi¯. We then write a general negative
chirality SO(8) spinor as S = ψiΓiη0+ψ
i¯Γi¯η
∗
0 . This defines the worldsheet spinors ψ
i, ψi¯.
It can be checked that the (3, 1) and (1, 3) forms induce couplings of the type ψiLψ
j
R
as implied by the action (3.1). It can also be seen that the (2,2) forms induce couplings
of the type ψiLψ
j¯
R. These couplings are not present in (3.1). Nevertheless, it was shown in
[12], [13], [14], and reviewed in [6], that if the target space has a holomorphic isometry, i.e.
a holomorphic killing vector field V i (∇iVj¯ +∇j¯Vi = 0), then this isometry can be gauged
to give a vector multiplet (consisting of a complex scalar, two conjugate dirac fermions and
a vector field). Then by taking the weak coupling limit and then freezing the vector and
fermions at zero and the scalar at a constant value, one can obtain a (2,2) supersymmetric
lagrangian. The extra terms in the Lagrangian that arise in this way are
LV = −gij¯ |m|2V iV j −
i
2
(gi¯i∂jV
i − gjj¯∂i¯V j)(mψiRψjL + m¯ψiLψjR) . (3.2)
Note that in our case, we cannot obtain any such holomorphic Killing vector - we have
the extra requirement (coming from the self-duality of F5) that ∇µV µ = 0. It might be
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possible that including more background fields, such a three form RR field strength, we
get a more general Lagrangian.
In the simple case where the transverse space is flat, we have a holomorphic killing
vector Vj¯ = icij¯z
i , for a hermitian constant matrix cij¯ , and ∇µV µ = 0 translates into the
tracelessness of cij¯ .
The combined action coming from LK + LW + LV is supersymmetric iff V
µ∇µW is
constant [13]. This matches nicely with the condition (2.16).
(1,1) Supersymmetric solutions
A general (1,1) supersymmetric sigma-model is of the form
S =
1
4πα′
∫
dτ
∫ 2piα′|p−|
0
dσd2θ(gµνDLφ
µDRφ
ν + U(φ)) (3.3)
where φµ are N = 1 superfields. The superpotential U(φ) is not as general as it could be
in an arbitrary N = 1 theory, since it needs to be a harmonic function. This condition
also follows from conformal invariance in the Berkovits formulation [15]. Of course if we
view the N = (2, 2) solution as an N = (1, 1) theory then the corresponding N = 1
superpotential is harmonic due to the stricter constraints that both the superpotential
and Killing potential of the N = 2 theory have to obey.
4. Some examples
In this section we discuss some general features of the models and describe in more
detail some examples.
4.1. RG flow
The light cone worldsheet theory is a theory with a mass scale. So these theories
behave quite non-trivially under RG transformations. This mass scale on the worldsheet is
basically set by p−. More precisely the important dimensionless parameter is α′|p−|µ where
µ is the coefficient in front of the superpotential W = µf(z/ls) where f is a dimensionless
function. This dimensionless parameter is the product of the mass scale on the worldsheet
and the size of the worldsheet cylinder. A physical spacetime question, like the spectrum of
the theory, depends non-trivially on this dimensionless parameter. We see that performing
a scale transformation on the worldsheet is related to performing a boost in the x+, x−
coordinates. For low values of |p−| we are exploring the UV of the worldsheet theory
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while for large values we explore the IR. As usual we have a UV/IR relation between
worldsheet and target space scales. Note that in many situations, most notably the c < 1
string theories, one can start with a non-conformal theory and “dress” it with the Liouville
mode so that the total theory is a critical string theory. In those cases the RG flow in
the original massive theory becomes related to a change in position along the Liouville
direction. Notice that this case has a different character since an RG transformation is
related to a change in velocity of the motion in the x+, x− direction. In other words in one
case we have that an RG transformation is a translation in the Liouville direction whereas
in our case it is a boost in the x+, x− directions. The worldsheet will generically have
periodic boundary conditions for the fermions since they are Green-Schwarz fermions. The
number of zero energy (zero p+) supersymmetric ground states can be computed by the
standard index arguments. These will be BPS states in the spacetime theory.
It is interesting to note that we can choose a superpotential that has no supersymmet-
ric vacua. In this case we do not have a supersymmetric vacuum on the worldsheet which
means that the corresponding state in the spacetime theory is not BPS when p− is non-
zero. Supersymmetry breaking on the worldsheet should not be confused with spacetime
supersymmetry breaking.
4.2. Solitons
One feature of our models is that they contain solitons on the worldsheet. The world-
sheet is compact and has a size proportional to |p−|α′. If |p−| is large we will be able to
trust soliton computations which are done in an infinite line. Note that when the string
is propagating with fixed value of p− it feels a gravitational force that pulls it to the re-
gions where −g++ is a minimum. A soliton on the worldsheet going between these minima
corresponds to a string that goes between the two positions where −g++ has a minimum
in target space. For example, we can choose a superpotential which is a function of only
one variable W (z1). In this case the three other complex fields on the worldsheet are
massless and free. If we solve ∂z1W = 0 we will obtain the values of z1 corresponding to
supersymmetric vacua in the field theory. The gravitational force will be directed towards
these points in spacetime. We can have string configurations that interpolate between
these different points. However, as we are discussing closed strings of finite length (i.e.
we impose periodic boundary conditions on the worldsheet), these configurations will not
be topologically stable, unless there are identifications in the transverse space. We will
discuss below a case with identifications in the transverse space.
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4.3. Integrable theories
It is possible to choose the superpotential in such a way that we get an integrable
model on the worldsheet. We can then rely on the large literature on integrable models to
derive properties of the worldsheet theory. Of course the most interesting regime is when
the worldsheet theory is strongly coupled, since in this case we do not have any other
simple method to derive the spectrum. Our above derivation of the lightcone worldsheet
lagrangian is only valid for weak coupling, since we used the supergravity approximation. It
is nevertheless possible to show that in the case of flat transverse space these are good string
solutions by using one of Berkovits’ formalisms [16] [15]. We now take a flat transverse
space and we explore the physics that results from adding a superpotential of the form
W (z1) = λ cosωz1. This gives the N = 2 supersymmetric sine Gordon theory. More
explicitly the full background is
ds2 = −2dx+dx− − |λω sinωz1|2(dx+)2 + dzidzi =
= −2dx+dx− − 1
2
|λω|2[cosh(2ωx5)− cos(2ωx1)](dx+)2 + dxidxi
F5 = dx
+ ∧ ϕ4 ; ϕ4 = λω
2
32
cos(ωz1)dz1 ∧ dz2 ∧ dz3 ∧ dz4 + c.c.
(4.1)
where z1 = x1+ ix5. The sine Gordon model is conventionally written in terms of canoni-
cally normalized fields φ = z/
√
2πα′ and the parameter β is defined by writing the super-
potential as W = µ cosβφ (where µ, which is proportional to λ, has dimensions of mass).
This implies that w = β√
2piα′
. At this point we could consider two models, one where x1
is non-compact or another were x1 is compact. Below we will be interested in the model
where x1 ∼= x1 + 2π/ω. This model is such that we have two distinct supersymmetric
vacua, x1 = 0, piω (and also x
5 = 0). When we consider this sine Gordon model on an
infinite spatial line (and time) one can compute exactly its S-matrix [17]. It was found
that the S-matrix is the product of the S-matrices for two theories, one is an integrable
version of the N = 2 minimal models and the other is the S-matrix of the bosonic sine
Gordon theory. The N = 2 minimal model is the one with Z2 global symmetry. The
spectrum contains a kink and anti-kink together with some breathers of masses
Mn = 2ms sin(
nπ
2γ
) , γ =
8π
β2
(4.2)
where n = 1, ..., N and N = [γ] is the number of breathers. ms in (4.2) is the mass of a
soliton which is proportional to µ. In order to find the spectrum of states in string theory
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we need to find the spectrum of the sine Gordon theory on a circle. If the size of the
circle is very large, which corresponds to large |p−|, we can use the Bethe ansatz to obtain
an approximate answer for the spectrum. The corresponding expression is expected to be
correct up to exponentially small corrections in the size of the circle (or e−|p−|µα
′
). Some
exact results for the spectrum on the cylinder for a simple integrable model were obtained
in [18], but as far as we know the spectrum for the N = 2 sine Gordon on the cylinder is
not known.
Note that the limit β → 0 corresponds to the semiclassical limit of the sine Gordon
model. In this limit the period of the sine is much longer than α′. This means that the
background F field involves large length scales. In this limit there is a large number of
breathers. The lowest lying breather is the basic perturbative massive field in the theory
and the lowest lying ones can be thought of as bound states of these. On the other hand
the limit of large β corresponds to the quantum regime of the sine Gordon model. Note
that for γ < 1 there are no breathers, we only have the kinks and anti-kinks. When β
is large the radius of the x1 circle in string units is small so that one would attempt to
do a T-duality on this circle. Since the background fields depends explicitly on x1 this is
not a straightforward T-duality. Fortunately the necessary transformation is the mirror
symmetry transformation discussed in [6,7], which gives a sausage model. In fact this
relation was conjectured first in [5], by studying the S-matrices and it is a close relative
of [19]. The radius of the sausage is proportional to β. More precisely it is R˜ = α′ω. We
can see that in the limit that the RR fields are small, which is the UV of the worldsheet
theory then in the original picture we have a cylinder with a gravitational potential that
confines the strings to the region near the origin of the non-compact direction along the
cylinder. In the T-dual picture we have a cylinder of the T-dual radius near the central
region of the original cylinder, but the compact circle of the cylinder shrinks as we move
away from the center so that we form a sausage. The sausage model is again not conformal
invariant so that the geometry of the sausage depends on the scale. As we go to the UV
of the field theory on the worldsheet the sausage becomes longer and longer as log(E),
where E is the energy in question. Of course such a model contains a mass scale which is
basically set by |p−|. When we go to the IR the sausage model develops a mass gap and
there are only a few massive excitations. We conclude that we have a background which is
such that if we explore it with strings that have low values of |p−| we see it as being very
large, while if we explore it with strings with higher values of |p−| it appears smaller. A
natural question that arises is whether this background is a solution of the supergravity
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equations. For large values of R˜, which means large values of β, the curvature of the sigma
model is small so one would expect it to be a solution of supergravity. In particular the
β =∞ limit is the SU(2) symmetric round CP 1 model [4]. On the other hand, one could
make an argument that this background cannot be a simple supergravity solution, at least
within the context of a simple light cone reduction. The reason is the complicated way in
which the scale of the model determines the geometry. When we go to light cone the scale
that appears in the light cone theory is related to ∂X+. If this scale appears quadratically
or linearly in the lightcone action it is very simple to find the particular supergravity fields
that give rise to the light cone gauge model, quadratic appearances of ∂X+ are related to
g++ and linear appearances of ∂X
+ are related to fields with one + index, such as F+···.
In the round CP 1 model the scale is appearing schematically as
S ∼
∫
log(E/|p−|)∂θ∂θ ∼
∫
log(E/|∂X+|)∂θ∂θ (4.3)
in the action, where the last term is very schematic. This suggests that the background
leading to this CP 1 model contains excited massive string modes. In fact, if we treat the
RR field as a small perturbation (which is correct if we are near the center of the cylinder
and at small |p−|) we can see that a T-duality in the the x1 direction would transform
the momentum mode of F5 into a winding mode (with winding number two). This is
somewhat reminiscent of the description of the cigar used in [20], though in that case one
could view the background as a gravity solution. Another related, but distinct, way in
which a massive theory as the CP 1 model could arise in string theory was presented in [8].
In that case the RG direction was precisely x+ and the metric was x+ dependent.
All that we said here about the sine Gordon model can be generalized to affine Toda
theories (with rank smaller than five) [4]. The mirror symmetry transformation in this
case will produce a deformed CPN model [7].
4.4. Resolving AN singularities
In this section we will consider deformations of AN singularities in the presence of RR
fields.7 We can start with the maximally supersymmetric plane wave of IIB theory which
has a field strength of the form ϕ1234 = −ϕ5678=constant and all other components equal to
zero. We can form complex coordinates zj = xj+ixj+4. Then we see that this background
7 This problem was also considered in [21], where some singular solutions were described.
Here we construct non-singular solutions.
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corresponds to a background with zero (2,2) forms and a superpotential of the form W =
µ
∑4
i=1(z
i)2. We can consider now the R4 space spanned by the coordinates 1256 and
replace it by an AN singularity. This background still preserves half the supersymmetries.
Let us start discussing first the case of an A1 singularity. We see that we can replace
the A1 singularity by the Eguchi Hanson space, which is a Ricci flat Ka¨hler (actually
hyperKa¨hler) manifold. When the RR fields are zero this solution preserves the same
number of supersymmetries as the A1 singularity. They preserve 8 supersymmetries that
are linearly realized on the worldsheet, which is actually a (4,4) theory. We also have 8
other supersymmetries that are non-linearly realized and which are associated to the four
real coordinates spanned by z3, z4 which are free on the worldsheet.
Another interesting situation to consider is an A1 singularity involving the first four
coordinates 1234. In this case, in order to find a supersymmetric deformation, it is conve-
nient to group the coordinates into complex coordinates as z1 = x1 + ix2, z2 = x3 + ix4,
etc. Then the maximally supersymmetric solution can be thought of as a solution with
W = 0 and only (2,2) forms with Killing potential U = µ(|z1|2 + |z2|2 − |z3|2 − |z4|2). We
can still resolve the A1 singularity by replacing it by an Eguchi-Hanson space. In this case
the solution will be of the type described in section 2.3. The Killing potential is
U = µ[
√
1 +
a4
ρ4
(|z1|2 + |z2|2)− (|z3|2 + |z4|2)] = µ[r2 − (|z3|2 + |z4|2)] , (4.4)
where ρ2 ≡ |z1|2 + |z2|2 , r4 ≡ ρ4 + a4, and a is the Eguchi-Hanson resolution pa-
rameter. The derivatives of U form a holomorphic Killing vector V ν = −igνν¯∂ν¯U =
−iµ(z1, z2,−z3,−z4) and the (2,2) forms are given by ϕνσ¯ = ∇ν∇σ¯U . One can see
that the solution actually has (4,4) supersymmetry since one can redefine the coordinates
z3,4 → z¯3,4 and construct new Killing spinors of the type we constructed above. Further-
more if we view the theory as an N = 1 theory the superpotential we get in both cases
is the same, so that we have twice the number of supersymmetries. Potentials for (4, 4)
two dimensional theories were considered in [22,13]. In conclusion, we have a (4,4) theory
on the lightcone worldsheet. Of course we also have another 8 supersymmetries of the ǫ−
type that are due to the fact that the coordinates z3, z4 are free.
Above we discussed supersymmetric deformations of the A1 singularity. There are
also non-supersymmetric deformations, which we can describe most easily by writing the
Eguchi Hanson metric in real coordinates
ds2 =
dr2
(1− a4
r4
)
+
r2
4
(dθ2 + sin2 θdφ2) +
r2
4
(1− a
4
r4
)(dψ + cos θdφ)2 (4.5)
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where the angles take values in θ ∈ [0, π) ; φ, ψ ∈ [0, 2π). Then we can choose the four form
to be proportional to the volume element, and the metric component g++ = −µr2 looks the
same as what it was for the original A1 singularity. This solution is not supersymmetric.
It differs from the supersymmetric solution by some terms which are localized near the
singularity. We can view the non-supersymmetric solution as the supersymmetric one plus
some normalizable modes that live near the singularity. These are normalizable modes
of the four form potential. From the point of view of the worldvolume theory on the A1
singularity, these are the modes that gives rise to the self dual tensor in six dimensions.
Indeed one can check that the difference between the 5-form field-strengths of the two
solutions is ∆F5 ∼ h3 ∧ l2, where h3 = h+ij is an anti-self dual tensor on the six directions
corresponding to the worldvolume of the resolved A1 singularity (i.e. directions +− 5678)
and l2 is the unique normalizable anti-self dual two form on the Eguchi Hanson space,
l2 =
1
r2
[ 2
r
dr ∧ (dψ + cos θdφ)− sin θdθ ∧ dφ].
The solution considered in [21] is equal to the non-supersymmetric solution described
above, up to the addition of a harmonic function to g++ ,which is singular at r = 0. For
any of the solutions described in this paper, we can add a singular harmonic function of the
transverse coordinates to g++. We can think of them as describing the metric generated
by massless particles with worldlines along x−.
Of course all that we said above can be extended to AN−1 singularities by replacing
the Eguchi-Hanson instanton by the geometry of the resolved ALE space. These AN−1
singularities arise as Penrose limits of AdS5 × S5/ZN , it would be nice to know if in this
case we can also resolve the singularity in a smooth fashion. In the case of (AdS3×S3)/ZN
we know that we can smooth out the singularity in simple way [23].
5. Open problems
It would be nice to obtain some more exact results for strings propagating on these
backgrounds and explore further what they teach us about strings on non-trivial RR back-
grounds. In particular, it would be nice to understand further the target space interpre-
tation of the Sine-Gordon model at large β. It is clear that we can add D-branes to these
backgrounds. These D-branes are expected to be supersymmetric if they sit on holomor-
phic submanifolds where W is a constant or on mid-dimensional lagrangian submanifolds
such that the image in the W plane is constant [24]8. One could explore a more general
8 We thank M. Gaberdiel for correcting us on this point.
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ansatz where we also have a non-zero three form RR field strength. An interesting ques-
tion is if there are any supersymmetric deformations of AN singularities when they are
embedded in AdS5 × S5. Of course, it would be nice to find a holographic dual for these
backgrounds.
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Appendix A. Conventions and notations, and the supersymmetry equations
Flat transverse space
We use conventions where x± ≡ 1√
2
(x0 ± x9) and ǫ+−12345678 = +1. F5 = dx+ ∧
ϕ4. Since F5 is self-dual and closed ϕ4 is anti-self-dual in the transverse 8-dimensions
and closed. For the metric (2.1) with flat transverse space we choose the vielbiens as
θiˆ = dxi, θ+ˆ = dx+, θ−ˆ = dx− − 12Hdx+. The corresponding connections all vanish
except ω−ˆi = −ωi−ˆ = −1
2
∂iHdx
+. The covariant derivatives acting on spinors are ∇− =
∂−, ∇i = ∂i ,∇+ = ∂+ − 14∂iHΓ−Γi. And the terms involving F5 in the IIB covariant
derivative are F/Γ− = Γ+ϕ/Γ− = 0, F/Γj = −Γ−ϕ/Γj, F/Γ+ = −Γ−ϕ/Γ+. The chirality matrix
is Γ11 = −Γ01...89 = 12 [Γ+,Γ−]Γ1...8. The IIB spinor is a 16-component complex chiral
spinor satisfying Γ11ǫ = +ǫ. Since ϕ4 is anti-self-dual in 8-dimensions, acting on a chiral
spinor F/Γ+ǫ = 2ϕ/ǫ. Using all the above, the susy equations Dµǫ ≡ (∇µ− i2F/Γµ)ǫ = 0 take
the form 9
∂−ǫ = 0 ; ∂+ǫ− (1
4
Γ−∂/H − iϕ/)ǫ = 0 ; ∂jǫ− i
2
Γ−ϕ/Γjǫ = 0 (A.1)
We would find it easier to work in complex coordinates, so we split the transverse space
(x1, ..., x8) to 4 complex coordinates zj = xj + ixj+4. In complex coordinates, the susy
equations (A.1) are
∂−ǫ = 0
∂+ǫ− (1
4
Γ−Γ¯ · ∂¯H + 1
4
Γ−Γ · ∂H − iϕ/)ǫ = 0
∂jǫ− i
2
Γ−ϕ/Γjǫ = 0 ; ∂¯jǫ− i
2
Γ−ϕ/Γjǫ = 0
(A.2)
Let us classify the a.s.d 4-forms according to their holomorphicity properties. Denoting
by (p,q) the number of holomorphic and anti-holomorphic indices in ϕabcd (p + q = 4),
there are 10 (1,3)-forms, 10 (3,1)-forms, and 15 (2,2)-forms, giving a total of 35 a.s.d.
4-forms. The (2,2) forms are of the form ϕi¯ijk¯ and ϕi¯ijj¯ (no sum), and a.s.d implies that
ϕ11¯22¯ = −ϕ33¯44¯ etc. and ϕ11¯23¯ = ϕ44¯23¯ etc. The (3,1) and (1,3) forms are of the form
ϕi¯jkl, ϕi¯ijk, ϕijkl, ϕiijk, and a.s.d. relates ϕ1123 = −ϕ4423 , ϕ1¯123 = −ϕ4¯423 etc. The closed
9 To relate these conventions to the ones in Blau, Figueroa et al [10] take their conventions,
replace their x± with x0,9 according to x± = 1√
2
[x9 ± x0]. take x0 → −x0 then flip one of the
coordinates, say x1 → −x1, and then replace back with chiral coordinates x±here =
1√
2
[x0 ± x9].
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condition relates the (2,2) to the (1,3), (3,1) components. The reality condition on ϕ
implies that ϕijkl = ϕ
∗¯
ijkl
, ϕij¯kl¯ = ϕ
∗
ji¯lk¯
.
Going back to the susy equations (A.2), we separate ǫ into two components of different
transverse chiralities ǫ = −1
2
Γ+Γ−ǫ − 12Γ−Γ+ǫ ≡ ǫ+ + ǫ−. Since ǫ has a positive Γ11
chirality, ǫ+ has positive SO(1, 1) and SO(8) chiralities, and ǫ− has both negative. The
susy equations for ǫ+ are ∂−ǫ+ = ∂jǫ+ = ∂jǫ+ = (∂++iϕ/)ǫ+ = 0. As ϕ has negative SO(8)
chirality, automatically, ϕ/ǫ+ = 0 and we conclude that ǫ+ must be a constant spinor. The
susy equations for ǫ− are
∂−ǫ− = 0 ; (i∂+ − ϕ/)ǫ− = i
4
Γ−∂/Hǫ+
∂jǫ− =
i
2
Γ−ϕ/Γjǫ+ ; ∂j¯ǫ− =
i
2
Γ−ϕ/Γj¯ǫ+
(A.3)
In order to solve the susy equations explicitly, it is convenient to introduce a Fock space
notation. The vacuum |0〉 is defined to be the spinor annihilated by Γ+ˆ and by all Γi
(where i is a holomorphic index) . We also define the operators bi = Γi = gij¯Γj¯ , b
+i¯ = Γi¯.
Note that in this normalization {bi, b+j¯} = 2gij¯, where gij¯ is the inverse of the Kahler
metric. This is not the usual normalization of annihilation and creation operators. We
denote ϕmn ≡ 13!ϕmijkǫijkngnn¯, ϕmn ≡ (ϕmn)∗ (so that e.g. ϕ24 = ϕ2123 , ϕ21 = −ϕ2234).
Anti-self-duality implies that ϕmn = ϕnm , ϕmn = ϕnm. We also use the notation 2ϕmn¯ ≡
gss¯ϕss¯mn¯, and denote by b˜
k|0〉 ≡ bk 14 4! ǫ¯ij¯k¯l¯(b+i¯b+j¯b+k¯b+l¯)|0〉 a ’hole’ creation operator
acting on the vacuum. The slashed four-form acts on the Fock space states as
ϕ/b+m¯|0〉 = 4[ϕm¯nb˜n − ϕm¯n¯b+n¯]|0〉 ; ϕ/b˜m|0〉 = 4[ϕmn¯b+n¯ − ϕmnb˜n]|0〉 (A.4)
where we have raised the indices of ϕab using the metric. We parameterize ǫ∓ in this Fock
space
ǫ− = Γ−[βk¯b
+k¯ + δk b˜
k]|0〉 ; ǫ+ = [α+ 1
2
γp¯q¯b
+p¯b+q¯ + ζ
ǫ¯ij¯k¯l¯(b
+i¯b+j¯b+k¯b+l¯)
4 4!
]|0〉 (A.5)
α, γpq, ζ are complex constants, and βm¯, δk are complex functions of z
i, zi. By an appro-
priate SO(8) rotation we will see that we can set γp¯q¯ to zero in our solutions. So from now
on we set it to zero. Using (A.4) one can check that
ϕ/ǫ− = −4Γ−[βm¯ϕm¯n¯ − δmϕmn¯]b+n¯|0〉+ 4Γ−[βm¯ϕm¯n − δmϕmn ]˜bn|0〉
∇/Hǫ+ = α∂j¯Hb+j¯ |0〉+ ζ∂jHb˜j|0〉
(A.6)
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The susy equations become the following equations for α, βm¯, δm, ζ
4(βm¯ϕ
m¯
n − δmϕmn) = −
i
4
ζ∂nH + i∂+δn
4(−βm¯ϕm¯n¯ + δmϕmn¯) = −
i
4
α∂n¯H + i∂+βn¯
∂jβk¯ = −2iαϕjk¯ ; ∂j¯βk¯ = 2iζϕjk
∂j¯δk = −2iζϕkj¯ ; ∂jδk = 2iαϕjk
(A.7)
Curved transverse space
Starting from the metric
ds2 = −2dx+dx− +H(xρ)(dx+)2 + gµν(xρ)dxµdxν (A.8)
the nonzero connections for this metric are Γ−++ = −12∂+H ; Γ−+µ = −12∂µH ; Γµ++ =
−12gµν∂νH ; Γµνρ = γµνρ , where γµνρ are the connections on the 8-dimensional mani-
fold. The only components of the Ricci tensor which do not vanish are R++ and Rµν
which are given by R++ = −12∇2H ; Rµν = rµν , where rµν is the ricci tensor for the
8-dimensional metric. The Ricci scalar is the same as that of the 8-dimensional met-
ric R = r. The Einstein equations are then rµν = 0 and ∇2H = −32|ϕ|2 , where
|ϕ|2 ≡ 14!ϕµνρδϕµνρδ . We also introduce the corresponding flat indices a = (v, u, i, j, ...) and
the coframe θv = dx+; θu = dx−− 1
2
Hdx+; θiµdx
µ, such that ds2 = −2θvθu+∑i θiθi.
The connections are determined by the no torsion condition and their nonzero compo-
nents are Ωui = −12θµi ∂µHdx+, Ωi j = ωiµ j(xρ)dxµ, where ωi j(xρ) are the connections
on the 8-dimensional manifold, satisfying dθi + ωij ∧ θj = 0. The covariant derivatives
∇M = ∂M + 12ΩabMΓab are given by
∇− = ∂− ; ∇µ = ∂µ + 1
2
ωijµ Γij ; ∇+ = ∂+ −
1
4
θiµ∂µHΓui (A.9)
And the susy equations 0 = DM ǫ = (∇M + i2F/ΓM )ǫ are therefore
∂−ǫ = 0 ; ∂+ǫ− 1
4
Γu∂/Hǫ+ iϕ/ǫ = 0
[∂µ +
1
2
ωijµ Γij ]ǫ−
i
2
Γuϕ/Γµǫ = 0
(A.10)
The above equations are exactly the ones we had before for the flat case (A.1), the only dif-
ference being trading the regular derivative in the 8-dim space with a covariant derivative.
also we recall that the Einstein equations imply gµν is Ricci flat. Let us now try to solve
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these equations, similarly to what we did in the flat case. Again we change to complex
coordinates, and separate ǫ = ǫ− + ǫ+. As before, we get that ǫ+ must be a covariantly
constant spinor, i.e. 10 ∂−ǫ+ = ∂+ǫ+ = ∇µǫ+ = ∇µǫ+ = 0. The equations for ǫ− are
∂−ǫ− = 0
∇µǫ− = i
2
Γuϕ/Γµǫ+ ; ∇µǫ− = i
2
Γuϕ/Γµǫ+
(i∂+ − ϕ/)ǫ− = i
4
Γu∂/Hǫ+
(A.11)
As in the flat case, we again use the notation ϕµν , and introduce the Fock space |0〉 which
is annihilated by Γv and by all Γ
µ (µ a holomorphic curved index), and is a covariantly
constant spinor11, and the operators bµ¯+ ≡ Γµ = θµ¯
i¯
Γi ; bµ ≡ Γµ = θµi Γi ; {bµ, bν¯+} =
2gµν¯ . From now on we can define the “hole” operator b˜µ as we did in the flat space case.
Similarly we can define βµ¯, δµ, α and ζ as in (A.5). We can similarly derive equations
(A.4)(A.6) and finally (A.7), where all that we would need to do is to replace the ordinary
derivative with covariant derivatives for the transverse indices.
Appendix B. Derivation of the flat space supersymmetric solutions
We have seen that ǫ+ should be a constant. As the transverse space is R
8 we can
always do an SO(8) transformation which sets γp¯q¯ = 0 in (A.5), but we will be unable
to distinguish solutions with (2,2) susy from solution with more susy. We also set all
x+ dependence to zero, because, as discussed before, this part could always be added
as a solution to the homogenous equations. Integrability of the ∂jδk and ∂j¯βk¯ in (A.7)
then assures (as α, ζ are not both zero) that the (1,3) and (3,1)-forms make a closed
form by themselves. Using the fact that the (1,3) and (3,1) parts of ϕ are separately
anti-self-dual and closed, we can show that ϕij satisfies ϕij = ϕji from anti-self-duality,
∂[iϕj]m = g
k¯k∂k¯ϕkj = 0 from closedness, for all i, j,m. These imply that ϕij = ∂i∂jW
where W is a harmonic function . Similarly, as ϕmn¯ must be hermitian and closed by
10 From here on ∇µ denotes a covariant derivative in the 8-dimensional transverse space.
11 As the manifold is a CY, there is a covariantly constant spinor ψ0 = |0〉. The spinor |0〉 is
actually constant. In fact the Killing spinor equation is ∂µ|0〉+
1
2
ωij¯µ Γij¯|0〉 = 0. The term Γij¯|0〉
is proportional to gij¯ and therefore to the trace of the spin-connection, which on a CY can be
chosen to be zero [25].
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themselves, they must be of the form ϕmn¯ = ∂m∂n¯U where U is a real harmonic function.
The equations (A.7)(with no x+ dependence) become
(βm∂m∂nW − δm¯∂m¯∂nU) = − i
16
ζ∂nH
−(βm∂n∂n¯U − δm¯∂m¯∂n¯W ) = − i
16
α∂n¯H
∂jβk¯ = −2iα∂j∂k¯U ; ∂j¯βk¯ = 2iζ∂j¯∂k¯W
∂j¯δk = −2iζ∂k∂j¯U ; ∂jδk = 2iα∂j∂kW
(B.1)
Integrability of the equations implies that
(|ζ|2 − |α|2)∂j¯∂m∂kW = (|ζ|2 − |α|2)∂m∂j¯∂kU = (|ζ|2 − |α|2)∂m¯∂j¯∂kU = 0 , (B.2)
for all m, m¯, j¯, k. This can be satisfied in one of the following two cases
(i) |α| 6= |ζ|, W is holomorphic and harmonic, and ϕjk¯ = ∂j∂k¯U is a 4x4 hermitian
traceless matrix of constants. In that case we can solve the ∂j and ∂j equations to get
12
βk¯ = −2i[αϕjk¯zj − ζ∂kW ] ; δk = −2i[ζϕkj¯zj − α∂kW ] (B.3)
Then plugging these back into the first two equations in (B.1), and taking into account the
fact that H is real, we get the consistency condition ∂n[ϕjk¯z
j∂kW ] = 0, and the expression
for H = −32(|∂kW |2 + |ϕjk¯zj |2)13. This is the solution with (2,2) supersymmetries, or
more, that we have in (2.9). Plugging (B.3) in (A.5) we get the explicit expression for the
four Killing spinors, which are parameterized by the two complex numbers α, ζ.
(ii) |α| = |ζ|. Now we have that for all i, j, k¯ ∂i∂j∂k¯[U + αζW ] = 0. Without loss
of generality , we choose the constant phase αζ = −1.14 Then one can define U a real
harmonic function such that ∂j∂kU = ∂j∂kW and ∂j∂k¯U = ∂j∂k¯U , so the four-form is
given by the second derivatives of U
ϕij = ∂i∂jU ; ϕi¯j = ∂i¯∂jU ; ϕij = ∂i¯∂j¯U . (B.4)
12 There is no need to add integration constants to βk¯, δk, as such terms can be set to zero by
a redefinition of dW by a constant shift, and a redefinition of zj by a constant shift.
13 Here too there is no need to add an integration constant to H, as such a constant can be set
to zero, shifting x− by a constant times x+.
14 This amounts to redefining the complex coordinates by a constant phase.
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Solving the ∂j and ∂j equations gives
βk¯ = 2iζ∂k¯U ; δk = −2iζ∂kU (B.5)
Then plugging these into the first two equations gives two identical equations for H , which
are solved by H = −32|∂kU |2. These are the (1,1) supersymmetric solutions we have in
(2.10). Plugging (B.5) into (A.5) we get the explicit expression for the two Killing spinors
that are parameterized by one complex number, α = −ζ.
Appendix C. Derivation of the curved space supersymmetric solutions
Here too we set γµν = 0 . This way we would still find all solutions with at least (1,1)
supersymmetry, but would not be able to distinguish solutions with (2,2) supersymmetry
from solutions with more supersymmetry. Note that if the transverse space has precisely
SU(4) holonomy then the Killing spinor has γµ¯ν¯ = 0. We also take as in the flat case,
βν¯ , δν to be independent of x
+ (the x+ dependent part would be dealt with as part of the
solution to the homogenous equations for ǫ−). Then the equations that we get from (A.7)
by replacing ordinary derivatives by covariant derivatives becomes.
4(βµ¯ϕ
µ¯
ν − δµϕµ ν) = −
i
4
ζ∂νH
4(−βµ¯ϕµ¯ ν¯ + δµϕµ ν¯) = −
i
4
α∂ν¯H
∇µβν¯ = −2iαϕµν¯ ; ∇µ¯βν¯ = 2iζϕµν
∇µ¯δν = −2iζϕνµ¯ ; ∇µδν = 2iαϕµν
(C.1)
The integrability conditions for ∇δ and ∇β imply that ∇[ρϕµ]ν = 0 (i.e. the (1,3) and
(3,1) forms are closed by themselves). Thus ϕµν = ∇µ∇νW for some harmonic function
W . The (2,2) forms therefore should be closed by themselves, and together with anti-self-
duality they must satisfy ϕµν¯ = ∇µ∇ν¯U = ∇ν¯∇µU for some real harmonic function U .
Plugging these back to the equations (C.1) , we get
∇µβν¯ = −2iα∇µ∇ν¯U ; ∇µδν = −2iζ∇µ¯∇νU
∇µβν¯ = 2iζ∇µ¯∇ν¯W ; ∇µδν = 2iα∇µ∇νW
−[βρ∇ρ∇ν¯U − δτ¯∇τ¯∇ν¯W ] = − i
16
α∂ν¯H
[βτ∇τ∇µW − δτ¯∇µ∇τ¯U ] = − i
16
ζ∂µH
(C.2)
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We can immediately solve the two equations in the first line to get βν¯ = −2iα∇ν¯U +
fν¯(z¯), δν = −2iζ∇νU + gν(z) for some antiholomorphic and holomorphic one-forms
fν¯(z¯), gν(z) respectively. Then we can plug these back into the two equations in the
second line, and get the constraints
∇µ[∇ν(ζU + αW ) + i
2
gν(z)] = ∇µ[∇ν(α∗U + ζ∗W )− i
2
f∗ν¯ (z)] = 0. (C.3)
These can be solved in one of two ways.
(i) |α| 6= |ζ|
Then we can define a new real harmonic function U related to U through fν¯ , gν 15 such
that ∇µ∇ν¯U = ∇µ∇ν¯U , and by (C.3) ∇µ∇νU = 0. Note that U is a Killing potential,
if we define a vector Vµ = i∇µU then ∇µ¯V ν = ∇µV ν¯ = 0 and ∇µVν¯ +∇ν¯Vµ = 0. This
means that V µ is a holomorphic Killing vector. Additionally, as U is a harmonic function,
the Killing vector also satisfies ∇µV µ = 0. By (C.3), one also finds that ∇µ∇νW is
holomorphic. SinceW appears in the susy equations only under two holomorphic covariant
derivatives, we can take W to be holomorphic. One can now solve the first four equations
in (C.2) to get 16
βν¯ = 2i[iαVν¯ + ζ∇νW ] ; δν = 2i[−iζVν + α∇νW ] , (C.4)
where ϕµν = ∇µ∇νW and ϕµν¯ = ∇µ∇ν¯U . Then plugging these into the last two equations
in (C.2), and using the fact H is real, we get one constraint on W and V µ and one
equation for H. The constraint is ∂ν [V
τ∇τW ] = 0, and the equation for H yields H =
−32(|dW |2 + |V |2), where |dW |2 ≡ gµν¯∇µW∇νW and |V |2 ≡ gµν¯V µV ν¯ . This is the (2,2)
supersymmetric solution we have in (2.17). Inserting (C.4) into (A.5) we get the explicit
expression for the four preserved Killing vectors parameterized by α, ζ.
(ii) |α| = |ζ|. We can define a real harmonic function U such that ∇µ∇νU = ∇µ∇νW
and ∇µ∇ν¯U = ∇µ∇ν¯U , so that ϕµν = ∇µ∇νU , ϕµν¯ = ∇µ∇ν¯U , ϕµν = ∇µ¯∇ν¯U . Then
solving for βν¯ and δν , one gets
βν¯ = 2iζ∇ν¯U ; δν = −2iζ∇νU (C.5)
Plugging these back into the last two equations (C.2), one gets the same equation for H,
whose solution is H = −32|dU |2. These are the (1,1) supersymmetric solutions we have
in (2.18). Again we can insert (C.5) in (A.5) to get the explicit expression for the Killing
spinors.
15 The relation is U ≡ U +
(iζ∗
∫
gνdz
ν+c.c.)
2[|ζ|2−|α|2] +
(iα
∫
fνdz
ν+c.c.)
2[|ζ|2−|α|2] .
16 We did not include integration constants in βν , δν as these can always be set to zero be a
redefinition of the potentials.
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